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1. Small conjugacy classes 



Recall that a group G is said to be complete if all automorphisms of G are inner 
and the center of G is trivial: Aut(G) = Inn(G) = G. In a series of papers [H[6l[7] 
Dyer and Formanek justified several conjectures by Baumslag on the automorphism 
towers of finitely generated relatively free groups. In particular, they proved that 
the automorphism group of a free group Fn of finite rank n ^ 2 is complete (and 
hence the automorphism tower of F„ terminates already after two steps) [4] and 
that the automorphism group Aut(F„/i?') of the group F^/R' is complete where R 
is a characteristic subgroup of F„ which is contained in the commutator subgroup 
F^ of Fn such that the quotient group Fn/R is residually torsion-free nilpotent [?]• 

The aim of the present paper is to extend the latter result to infinitely generated 
relatively free groups. 

Let G be an infinitely generated relatively free group, let x denote the rank of 
G, and let F denote Aut(G). If <Y is a basis of G, we shall denote by Sym(A') the 
subgroup of automorphisms of G fixing X setwise; members of Sym(A:') will be 
called permutational automorphisms of G with respect to X. 

Let {Ai : j G /} be a family of subgroups of G. We write G — ®i(^iAi, if there is 
a basis A" of G such that Ai — {Ai) where Ai ^ X Ci Ai for every i £ I, the sets Ai 
are pair wise disjoint, and their union [j^^j Ai is X. 

Clearly, if G = ®i^iAi, then given any family {di G Aut(Ai) : i e 1} of auto- 
morphisms of subgroups Ai, there is a uniquely determined automorphism ti of G 
such that a\Ai = c^i for all i G /; we shall denote a by ®i^jai. 

We shall use the standard notation of the theory of infinite permutation groups. 
Thus, having a group H acting on a set X, we shall denote by H(y) and by Hs^y} 
the pointwise and the setwise stabilizer of a subset F of X in H, respectively. Any 
symbol of the form H^^,^^ denotes the intersection of subgroups and H^,^. 

In this section we shall study elements of Aut(G) having 'small' conjugacy classes. 
We shall say that the conjugacy class cr'" of a cr G Aut(G) is small if the cardinality 
of is at most k — rankG; equivalently, the index |F : G{a)\ — \a^\ of the 
centralizer C{a) in F is at most x. 

We start with a statement on existence of certain stabilizers in the subgroups 
of Aut(G) having index ^ rankG. Recall that a moiety of an infinite set / is any 
subset J of I with | J| = |/ \ J\- The proof of the statement uses the ideas and 
methods developed by Dixon, Neumann and Thomas in [3]. 

Proposition 1.1. Let G be a relatively free group of infinite rank x, X a basis of G 
and S a subgroup of the automorphism group F = Aut(G) of index at most rankG. 
Then 

(i) there is a subset U of X of cardinality less than k such that E contains the 
subgroup Sym(A')(tY) of permutational automorphisms with regard to X which fix U 
pointwise; 
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(ii) for every moiety Z of X\U, E contains the subgroup (x\z) .{{z)} of auto- 
morphisms of G which fix X\Z pointwise and preserve the subgroup (Z) generated 
by Z; 

(iii) for every moiety Z — {zi : i ^ 1} of X\U, and for every subset {ui : i e /} 
of the subgroup (U) generated by U, E contains an automorphism a of G which fixes 
the set X\Z pointwise and takes an element Zi of Z to ZiVi: 

ax — X, X ^ X \ Z, (1-1) 

crzj = ZiVi, i e I. 

Proof. (0). Before proving (i), we are going first to do some preliminary work for 
(ii) and (iii). 

(a) . Let ;V be a subset of X of cardinality x = rankG. We partition y into >c 
moieties: 

y = Uy^ 

and then partition every yt into countably many moities: 

feeN 

Fix an index io of / and consider any automorphism a of the subgroup (3^io,o) 
generated by 3^i(,,o- We extend a on (3^^^) as follows: 

f3{a) = (a ® ® id) ® (a ® ® id) ® . . . (1.2) 

Here, as it is quite commonly done for simpHcity's sake, any a (resp. a^^ , resp. id) 
in the right-hand side of (1.2) rather indicates that the action of the restriction of 
/3(a) on a subgroup (3^io,fe) is isomorphic to the action of a (resp. a~^, resp. id) 
on (3^i(,,o); the corresponding isomorphism of actions is supposed to be induced by 
a bijection from [Vio,o onto 3^io,fe. Any ®-product of automorphisms below must be 
treated in a similar fashion. 

We then consider the family Aq of automorphisms of G such that 

X^id^x\y)®{®^GIP{aY') (1.3) 

where e; = 0, 1 (i G /). 

Observe that |Aq| = 2^*. Therefore for any subgroup H of T having index less 
than 2^, there are distinct Ai,A2 S Aq with AiA2~^ G H. Clearly, the product 
AiA2^^ is also of the form (1.3) with equal either to 0, or to 1, or to —1 {i G /). 

(b) . Observe, for future use, that there are permutational automorphisms pi, P2 G 
Aut{{yig)) with regard to the basis yi^ such that /3(a)''^ /3(a) equals the trivial 
automorphism of (3^io) P{a)''^f3{a) equals the automorphism 

(a ® id ® id) ® (id ® id ® id) ® . . . , (1.4) 

that is, coincides with a on (3^io:o)- The similar arguments applies to /3(a)~^: there 
are permutational automorphism pi,fJ,2 & Aut((3^i(,)) such that [/3(a)~-^]'^^/3(a)~^ 
is the trivial automorphism of (yio), and [/3(a) "^J'^^ /3(a) ~^ is the automorphism 
(1.4). 

(i) . As 

|Sym(A:') : Sym{X) n E| < |r : E| rankG ^ \X\, 
we get that Sym(A') n E is a subgroup of II = Sym(A') of index at most \X\. Then 
by Theorem 2^ of [3], there is a subset U oi X oi cardinality less than \X\ such that 

n(;^) n n E Sym(A:') n E. 

(ii) . We apply the considerations in (0) to the set y = X \ U. We partition y as 
in (0), assuming that 3^i(,,o = Z. Take a cr G T^(x\z).{{z)} and let 
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By the conclusion made in (a) in (0), as the index of S in F is at most x <2^ , 
E contains an element of A^, that is, there are = 0, 1, — 1 (i G /) some of which 
are nonzero such that 

7 = id{w) ® (®ie//5(a)'') £ 
Using (b) in (0), it is then rather easy to find a permutational automorphism tt in 
n(w) = Sym(<Y)(j^) which fixes U pointwise and such that the action of 7'^7 on some 
yjfi is isomorphic to the action of a and the action of on all other sets J^^^fe is 
trivial. Indeed, let 

Io = {i^I:e,= 0}, h = {i^I:e, = 1}, I-i = {i ^ I : e, = -1}. 

If Ji is empty, we switch to , also a member of S. Thus, without loss of generality 
we may assume that h ^ 0. Let us consider the more difficult case, when zq ^ h. 
Take a j in /i, and define tt € ^{u) as follows: 

TT = id(;^) ® (®ie/oid) ® pi ® (®je/i/i#iP2) ® (®ie/-iM2), (1-5) 

where pi, P2, were defined in (b) in (0), and pi in (1.5) describes the action of tt 

on {y,). 

At the next step we conjugate 7^7 G S by an appropriately chosen permutational 
automorphism tti e ^{u) ^ interchanging and J^j, while fixing pointwise U 
and all other yi, thereby obtaining a. 

(iii) . The proof is basically the same as in (i) . Having an automorphism cr of G 
with (|l.ip . we find in S an automorphism a* of G whose action on each of some 
K moieties oi X\U, into which X\U is, partitioned and one of which contains Z, 
is either trivial, or isomorphic to the action of P((t\(^z)) (suitably defined) on the 
moiety containing Z, or to isomorphic the action oi li{cr\(z))^^ ■ Then for a suitable 
TT, TTi G 11(2^) we have that an element {{(j*Y a*Y^ of S is equal to a. □ 

Proposition 1.2. Let G he a relatively free group of infinite rank X a basis of 
G. The conjugacy class of a a € Aut(G') is small if and only if there are finitely 
many elements ui, . . . ,Us of X and a term w(*; *i, . . . , of the language of group 
theory {a group word in symbols . . . ,*s) such that 

(t(x) = w(x; Ml, . . . , Us) (1.6) 

for all X € X and 

w{xy;ui,. .. ,Us) = w{x; ui, . . . ,Us) • w{y] ui,.. . ,Us) (1.7) 

for all x,y X (in effect, a{g) = 'w{g; ui, . . . , Us) for all g ^ G). 

Proof. Since the conjugacy class of a is of cardinality < >c, the index of the cen- 
tralizer C(cr) of a in Aut(G') is at most x. Hence by Proposition ll.il for S = C(o-) 
there is a subset U oi X having the properties (i-iii) listed in this proposition. In 
particular, T\(jj) = Sym{X)(u) ^C{cj). 

Consider an a; G X\U. Let Wx{x; y, u) be a term of the language of group theory 
such that 

ax = Wx{x; y, u-^) 

where ?/ is a tuple of elements oi X\U none of which equals x and Ux is a tuple of 
elements of U. 

(a) A permutational automorphism in ^(u) which fixes x and takes y to a tuple 
Try with ny Dy = must commute with a. Then TraTT~^x — ax implies that 

Wxix;Try,Ux) = Wx{x\y,Ux). 

Take an endomorphism e of G which sends all members of Try to 1 and fixes all 
other elements of X. Apply e to the both parts of the last equation: 

e{wx{x]T:y,Ux)) = Wx{e{x)]£{-Ky),£{ux)) = Wx{x; l,...,l,Ux) ^ Wx{x;y,Ux)- 
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It follows that ax £ {x,Ux), and we can assume that 

ax = Wx{x; Ux)- 

(b) Take another element y in X \ U. Again, a must commute with a permuta- 
tional automorphism p in ^{u) interchanging x and y. Comparing pap~^x and ax, 
we obtain that 

Wy{x;uy) = Wx{x;ux) 

But then 

Wy{y]Uy) = ■Wa;(y;Ux), 

after forcing an endomorphism of G fixing U pointwise and taking a; to y to act on 
the both parts of the preceding equation. So the image ay of y can be obtained by 
replacing occurrences x in Wx{x; u) by y. We arrive therefore at the conclusion that 

az = w{z; u) 

where *i, . . . , *s) is a fixed term and u is a fixed tuple of elements of U for all 
z^X\U. 

(c) Let x, y be distinct elements oi X\U. The 'transvection' U which takes x to 
xy and fixes all other elements of X belongs to G(a) by part (ii) of Proposition ll.il 
The equality UaU~'^x — ax implies then that 

w{xy; u)w{y; u)^^ = w{x; u), 

or 

w{xy;u) = w{x]u) • w{y;u). (1-8) 
As X, y, u are all members of some basis of G, 

w{ab]u) = w{a-,u) ■ w{h]u). (1-9) 

for every a,b ^ G (after acting on the both parts of (1.9) by an endomorphism of 
G fixing u pointwise and taking a; to a and y to b.) 

(d) . The argument similar to one we have used in (a) shows that for every v eU, 
the image av of v is in the subgroup generated by U. 

Take an x E X \ U, an element v eU and another 'transvection' Ui which takes 
X to XV and fixes X \ {x} pointwise. By part (ii) of Proposition 1 1.1) Ui commutes 
with a. Observe that Ui{av) — av, since Ui stabilizes all elements ofU. Hence 

uj{x; u) — ax — Uialli^^x — Ui{a{xv^^)) — Ui{a{x)a{v^^)) — w{xv; u)a{v~^). 

By l|1.9p . w{xv;u) — w{x;u)w(v;u), whence av = w{v;u), completing the proof of 
the necessity part. 

Conversely, if a term w{*; *i, . . . ,*s) and a tuple u of X satisfy l|1.6p and (|1.7p . 
then 

CT(ff) = w{g;u) 
for all g E G. Let tt G Aut(G). Hence 

nan^^g — Tr{a{7r~^ g)) = 7r{w{TT^^ g, u)) — w{g; ttu) 

for all g E G. Therefore there are at most >c conjugates of a, since there are at most 
>c elements in the orbit of the tuple u under Aut(G). □ 

Working with a relatively free group G we shall denote by Tg the inner automor- 
phism of G determined by a 5 G G. 

Proposition 1.3. Let G be a centerless relatively free group of infinite rank k. 

(i) Suppose that the cardinality of the conjugacy class p^ of a p E T is less than 
K. Then p is the identity; 

(ii) the cardinal 

min{|7r'"| : tt G r,7r 7^ id} 

is equal to >c\ 
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(iii) the conjugacy class of a nonidentity ct G F ?s small if and only if \(t^\ ^ \Tr^\ 
for every nonidentity tt G F; 

(iv) the subgroup S of all elements of F whose conjugacy class is small is a 
characteristic subgroup ofT. 

Proof, (i). Let X he a basis of G. By Proposition ll.2[ there is a term w(*; *i, . . . , *s) 
and elements u = Ui, . . . ,Us G X such that 

pig) = w{g;u) 

for all g G G. As 

\{txPTx^^ ■■ X e X \ u}\ \P^\ < X, 
there are distinct xi,X2 ^ X \ u such that 

TxiPTxi — Tx2P'''x-2 J 

or 

P'^Xi^^X2P ^Xi^^X2 

or p{xi~^X2) — x\^^xi because G is centerless. Therefore 

W(X\~^X2^U) = X]~^X2, 

whence w{g; u) ~ g ~ p{g) for all g & G, since the element xi~^X2 and the elements 
of the tuple u all occur in a suitable basis of G 

(ii) . Write A for the cardinal 

min{|7r'"| : tt G F,7r 7^ id} 

By (i), X ^ A. On the other hand, for any inner automorphism Tg determined by a 
nonidentity element g & G 

(iii) . By (ii). 

(iv) . By (iii). □ 

Corollary 1.4. Let 9J 6e a variety of groups whose free groups are centerless. Then 
for any infinitely generated free groups Gi , 6*2 G 93 

Aut(Gi) = Aut(G2) rank(Gi) = rank(G2). 

Proof. By Proposition 11.31 (ii) . □ 

In [H] Formanek proved the subgroup Inn(F„) of the automorphism group Aut(F„) 
of a free group F„ of finite rank n > 2 is the only free normal subgroup of Aut(i^„) 
of rank n. Our next corollary extends this result to free groups of infinite rank. 

Corollary 1.5. Let F = F^^ be a free group of infinite rank k. Then a G Aut(Fjj) 
has small conjugacy class if and only if a is an inner automorphism of F^. Con- 
sequently, Inn(i^>c) is the largest (free) normal subgroup of Aut{F^) of cardinality 

K. 

Proof. Let the conjugacy class of a cr G Aut(F) be small. Take a basis A:" of and 
choose a subset U of X oi cardinality < >f as in the proof of Proposition 11.21 Take 
an X ^ X \ U, and partition X\ {xVJlA) into two moieties: 

x\{xuu) = y^uy^. 

Then by Proposition 11.11 (ii) the following automorphisms pi,p2, P3 that act identi- 
cally on U belong to the centralizer G(cr) of a: 

pi : X ^ X, p2 : x ^ X, ps : x ^ x^^ , 

y x-^yx, y-^y, y-^y, (ye^i), 

y-^y, y x~^yx, y-^y, (ye 3^2)- 
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The product p = P3P2P1 is an automorphism of F which fixes U pointwise, inverts 
X and takes every y £ U 3^2 to its conjugate by x. It is proved in [l6t Lemma 
4.2] that any automorphism of F commuting with p takes x either to vxv~^, or 
vx~^v~^, where v is in the fixed-point subgroup of p, that is, in {U). It follows that 

cr(z) — wo{z;v) — vzv^^ {z £ X), 

or 

a{z) = Wi{z;v) = vz~^v~^ {z £ X). 
But in the second case, it is not true for the term wi that 

wi{xy; v) — v{xy)~^v^^ = wi{x; v) ■ wi{y; v) = vx^^y^^v^^ 
for every x,y G X. Hence a is an inner automorphism of F, as claimed. □ 

Remark 1.6. A theorem by Burnside [2] states that given a center less group G 
such that the group Inn(G') is a characteristic subgroup of Aut(G), we have that 
Aut(G') is complete. It then follows from Corollary 1.6 that the automorphism 
group of any infinitely generated free group is complete (a result proven in [16] by 
a different method). 

2. Relatively free groups F/R' 

Recall that a derivation of a given group G in a G-module (a module over the 
group ring Z[G]) M is any map D : G M such that 

D{ab) = D{a)+aD{b) 

for every a,b £ G (here aD{b) is the result of the action of a scalar a G G C Z[G] 
on a vector D{b) G M.) 

As it has been proved by Fox [9] if is a free group with a basis {Xi : i e I) 
then for any prescribed elements Yi G Z[F] there is a unique derivation D of F in 
Z[F] such that 

D(X,) = G /). 

In particular, for every i G / there is a derivation Di of F such that 

Now let i? be a normal subgroup of F and let R' denote the commutator subgroup 
of R] the quotient group R/ R' will be denoted by R. 

We shall write ~ for the homomorphism Z[F] Z[F/i?] of group rings induced 
by the natural group homomorphism F F/R; it is convenient to use the same 
symbol ~ to denote the homomorphism Z[F/R'] — > Z[F/R] induced by the natural 
homomorphism F/R' — F/R. 

Clearly, any F/i?-module can be in a natural way viewed as an F- and as an 
F/i?'-module. Consider a free F/i?- module M with free generators {ti : i E T). 
Then it is easy to see that the map 

d{aR') ^Y.'^^^^ (2-1) 

where a runs over F is a well-defined derivation of F/R' in Af, since Di{b) = for 
every b £ R' and for every i G /. 

A famous result by Magnus from [12] is tantamount to the fact that 9 : F/i?' — s> 
M is injective (see, for instance, [13]). Moreover, the following properties 

9(rir2) = 9(ri) -|- ri5(r2) = d{r^) + ^(ra), (2.2) 

d{gR * r) = d{grg^^) = d{g) + gd{r) — grg^^d{g) — gd{r). 

are true for all ri,r2 G i? = R/R' and for all g G F/R'. One can therefore state 
that R/R' and d{R/R'), viewed as F/i?- modules, are isomorphic via d. 
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According to a result by Auslander and Lyndon [T] , if the quotient group F/ R 
is infinite, the group F/R' is centerless; we shall use this fact in Corollary 12.21 and 
Theorem 13.31 below. 

Lemma 2.1. Let F he an infinitely generated free group, R a fully invariant sub- 
group of F such that the group ring Z[F/R] has no zero divisors and all its units 
are trivial: 

U{Z[F/R]) = ±F/R. 
Suppose that a G Aut(F/_R') has small conjugacy class in Aut(F/_R'). Then the 
restriction of a on the group R = R/R' coincides with the restriction on R of a 
suitable inner automorphism of F/R', that is, there is a v E F/R' such that 

ar — vrv~^ . 

for every r in R/R'. 

Proof. Fix a basis B of the free group F and let X be the image of B under the natu- 
ral homomorphism F — )• F/R'. By Proposition [L2l there are elements ui, . . . ,Us of 
X and a term w{*; *i, . . . , *s) of the language of group theory such that w satisfies 
(fOl) and (UlTl and 

a{z) = w{z; u) 

for all z G F/R' . Suppose that 

w{x; u) = vix'^'^ . . . v„ix'^"^ 

where elements W2, • ■ • ,Wm from the subgroup (u) generated by the elements u — 
Ml, . . . ,Us are nontrivial, ki, . . . , fcm-i are nonzero integers, while vi e (u) and x*^" 
could be equal to identity. 

We show that the sum I = ki + . . . + km of exponents of 2; is 1. Indeed, by l|1.7p 

w{xy; u) = w{x; u)w{y; u), (2-3) 

for all x,y E X. Assume that x, y are distinct members of X. Take an endomorphism 
of F/R' sending all Ui to 1, while preserving x and y, and apply it to the both parts 
of (2.3): 

{xyY =x^yK 

Let X be the element of B whose image is x. Consider the derivation Dx of F which 
takes AT to 1 and takes to all other elements of B. Let then dx be the derivation 
of F/R' in Z[F/R] induced by Dx: 

dx{aR')^D^ (aeF). 

We have that 

dxiixy)') = dxix') 

Let, for instance, I > 0. Then 

9, ( (xy ) ' ) = 1 + 3y + . . . + xy'- 1 - a, (x' ) 
= l + x + .. . + x'^^. 

We apply an endomorphism of the group ring Z[F/R] induced by the endomorphism 
of F/R fixing all elements of A" \ {y} and taking xy ^ 1 to the both parts of the 
last equation: 

l = dxix'). 

The same is true when Z < 0. Thus 

= I 

which means that I = 0, or I — 1. The former is clearly impossible, since <j is an 
automorphism of F/R'. Hence Z = fci + . . . + fcm = 1, as claimed. 
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Observe also that after applying to the both parts of (2.3) an endomorphism of 
F/R taking both a;, y to 1 and fixing all Ui, we get that 

u) = 1. 

In particular, 
and then 

m 
i=l 

where 

Ci=Vi...Vi (i = 1, . . . ,m). 

Let d : F/R' -> Z[F/R] be a derivation (|2.ip of F/R' associated with the basis 
,8 of F we have chosen above. By (|2.2p . for every r G R/ R' we have that 

m m 

d{a{r)) = d{\{ c^r'^^cC^) = ^ he, d{r) 

i=l i=l 

Let us denote the element J^^i^i ^ Z[F/R] by /a- As the conjugacy class of the 
inverse of cr is also small, the same argument applies to a~^: there is an element 
f^-i of Z[F/R] with 

dia-\r)) ^ U-idir) [reR/R']. 

The proof of Corollary 1 in demonstrates that R/R' is fully invariant subgroup 
of F/R', provided that the group ring Z[F/R] has no zero divisors. Then cr~^{r) G 
R/R' for every r G R/R' and hence 

dir) = dia{a-\r))) = /.a(a-i(r)) = /./.-ia(r), 

or 

(1 )5(r) -0. 
As Z[F/i?] has no divisors of zero, 

and as Z[F/i?] has only trivial units, 

fa = V, or fa = -V 

for some v G F/R', whence 

d{a{r)) —vd{r), or d{a{r)) — ~vd{r) 

for all r G R/R'. In the first case we are done: 

d{a{r)) — d{vrv^^) 

and a{r) — vrv^^, since d is injective. In the second case 

kiCi + . . . + kmCm = -v, 

which is impossible, since the vector in the left-hand side has augmentation fci + 
. . . + k„i = 1, whereas the vector in the right-hand side has augmentation —1. □ 

Generalizing an earlier result by Shmel'kin [15j on free solvable groups. Dyer [5] 
proved the following result: if F is a free group and a normal subgroup R is such 
that the quotient group F/R is torsion-free and either is solvable, or has nontrivial 
center and is not cyclic-by-periodic, then any automorphism of the group F/R' 
which fixes R/R' pointwise is an inner automorphism of F/R' determined by an 
element of R/R'. We have therefore the following corollary of Lemma 2.1. 
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Corollary 2.2. Let F be an infinitely generated free group and R a fully invari- 
ant subgroup of F such that the quotient group F/R satisfies the conditions of 
Dyer's theorem and all units of the group ring Z[F/R] are trivial. Then the group 
Aut{F/ R') is complete. In particular, the automorphism group of any infinitely 
generated free solvable group of derived length ^ 2 is complete. 

Proof. First, observe that as F/R must be torsion-free by the conditions, triviality 
of units of Z[F/R] implies that Z[F/R] has no zero divisors (see, for instance, [TTl 
§6].) 

By Proposition 11.31 (iv). the subgroup S of elements of Aut(F/_R') whose con- 
jugacy class is small is a characteristic subgroup of Aut{F/R'). By Lemma \2l] 
and by the quoted result by Dyer from [5], S equals Inn(F/i?'). For any automor- 
phism a of F/R' whose conjugacy class is small is inner: the restriction of a on 
R/R' coincides with the restriction on R/R' of a suitable inner automorphism r„ of 
F/R'; then r^-ia fixes R/R' pointwise, and r^-ia = Tr for some r e R/R' . Hence 
Inn(F/_R') = S" is a characteristic subgroup of Aut(F/i?'), and then the group 
Aut (i^/i?') is complete (by Burnside's theorem quoted in Remark [LG]) . 

Recall that free polynilpotent groups (in particular, free solvable groups) are or- 
derable [H]. Also, the group ring Z[G] of an orderable group G has only trivial units 
[TT| § 6] . Thus the conditions of the corollary are met by any infinitely generated 
free solvalbe group F/F'^^^ of derived length A: ^ 2, and hence the automorphism 
group Aut(F/F('=)) of F/F^''^ is complete. □ 

3. Residually torsion-free nilpotent relatively free groups F/R' 

Till the end of this section F will denote an infinitely generated free group, R 
a fully invariant subgroup of i?, and G the quotient group F/R' . We shall assume 
throughout the section that the quotient group F/ R is residually torsion-free nilpo- 
tent. 

Recall that if "P is a property of groups, a group H is said to be residually V, 
if for every nonidentity element h of H, there is a surjective homomorphism from 
H onto a group with V such that the image of h under this homomorphism is not 
trivial. 

By a quite standard argument, every residually orderable group is orderable. 
As any torsion-free nilpotent group is orderable, we obtain that the group F/R is 
orderable, and according to the remarks we have made at the end of the previous 
section the group ring Z[F/R] is a domain whose units are trivial. So Lemma \2A\ 
applies to G = F/R'. 

As usual 7fe(G) where k eN denotes the fc-th term of the lower central series of 
G (71(G) = G and 7fc+i(G) — [G, 7fc(G)] for all natural numbers k ^ 1). As in [7] 
we define the series (7j.(G) : fc ^ 1) where 

7fe(G) ^ {g £ G : g"" e lk{G) for some integer m ^ 0}. 

Clearly, G/^f.{G) is a torsion-free nilpotent group of class at most k—1. According 
to a result by Hartley [10, Theorem D2], if F/R is residually torsion-free nilpotent, 
so is F/R' . Thus G is residually torsion-free nilpotent, and hence 

{^lk{G)={l]■ 

k^l 

For formality's sake, we shall say that a relation A" on a group H is definable in 
H, if X admits a description in H in terms of group operation. For instance, X is 
definable in if X is the set of realizations in of a suitable formula of some logic. 
Any definable relation on a given group H is invariant under all automorphisms of 
H. 

Working with a subgroup H of G, we shall denote by Ih the group {rh : h e H} 
of all inner automorphisms of G determined by members of H. 
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Lemma 3.1. Let S be the subgroup of all automorphisms of G whose conjugacy 
class is small. Then 

(i) S = Inn(G) • S^^^ where S*^^^ is the subgroup of all elements of S fixing R 
pointwise; 

(ii) the subgroup S^^j^s^ is the Hirsch-Plotkin radical {the maximal locally nilpotent 
subgroup) of the group S; 

(iii) if R ^ F' , then S' coincides with the subgroup Ic of all inner automor- 
phisms of G determined by elements of G' . In particular, 

(iv) elements of the form t^j where x is an element of G whose image under the 
natural homomorphism G = F/R' — F/R is a primitive element of the group F/R 
and 7 G S'j.^^ form a definable family of the group Aut(G). 

Proof, (i) Observe that by Lemma \2.1\ every element a of S can be written in the 
form 

where the automorphism 7 = r^^^cr fixes R pointwise and its conjugacy class is 
small. ^ 

(ii) We base our argument on the fact that R = R/R' is the Hirsch-Plotkin 
radical of the group G = F/R' [7]. 

According to Corollary 2 in [5], if an automorphism tt belongs to the subgroup 
Aut(G)^^^, that is, if it fixes R pointwise, then 

x^'^TTx e R 

for all X G G. It follows that 

TTx = xrx (3-1) 

where rx & R for all x E G, and hence the group Aut(G)jj^-) is abelian. As i? is a 
characteristic subgroup of G, the group Aut(G)(.^j is a normal subgroup of Aut(G). 
It follows that S^j^-^ is a normal abehan subgroup of Aut(G). 

Let Tgj where 7 G S'^^j be an element of S which is not in S^j^y In particular, 

g E G\R. Let r be a nonidentity element of R; clearly, G '^{r)- it is shown in 

m, 

[g,g,...,g,r]^l (3.2) 
(see the proof of Theorem 3.5 in [7|). But then 

[Tg7, T-g7, • ■ • , TgJ, Tr] = T[g,g_..._(,^^] ^ id 

in Aut(G). Hence there is no locally nilpotent subgroup of S properly containing 

(ii) Recall that Ic denotes the group of inner automorphisms of G determined 
by elements of G'. Clearly, Ic ^ S", since Inn(G) ^ S. Consider a commutator of 
elements of S: 

where -f,S € S^y Then 

P = TaT~^(b)TS(a-i-)Tb-^ 

By l|3.ip there exist rt, Sa S i? such that 7(6) = bri, and S{a) = asa- Then p is the 
inner automorphism determined by the element 

abrhSa^^a^^b^^ 

of G'R = G' since 
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(iv) By (i), S — Inn(G) • S^^-^ and then 

S/S^^^ - Inn(G) • S^^^/S^j^^ - Inn(G)/(Inn(G) n S^^^) 

^ Ig/I^ = G/R ^ F/R. 

Thus S/S^j^^ is a relatively free group isomorphic to the group F/R. As the family 
of all primitive elements a given relatively free group H is definable in H, the result 
follows. To explain in terms of group operation that an element z of is primitive, 
one explains that z can be included into some basis of H; a basis X oi H being a 
subset of H such that any map from X into H can be extended to a homomorphism 
from H into H. □ 

Proposition 3.2. Let R ^ F'. Suppose that the following conditions are true for 
an automorphism a G Aut(G); 

(a) the conjugacy class of a is small; 

(b) the image of a under the natural homomorphism S S/S^^^ is a primitive 
element of the relatively free group S/ S'j-g-j = F/ R; 

(c) the group L{a) = NC((t)/g' contains no element of 5^]^^ \ 

It follows that a is an inner automorphism of G, that NC(ct)/g' = Inn(G), and that 
Inn(G) is a characteristic subgroup o/Aut(G). 

Proof. Let 

a = T^j (3.3) 
where 7 £ S^j^y Suppose, towards a contradiction, that a is not an inner automor- 
phism of G. This implies that 7 S S*^^^ As under the natural homomorphisms 
F/R' F/R and F/R ^ F/F' the element x goes to a primitive element of F/F', 
there is a c G G' such that cx is a primitive element of G. 
The group L{a) contains then the element 

This enables us to assume without loss of generality that x in (3.3) is already a 
primitive element of G. 

Since (c) is satisfied by a, whenever elements of the form Ta'fi and Ta'-f2 where 
a ^ G and 71,72 G S^^.^ both belong to L{a), the elements 71,72 must be congruent 
modulo Ij^: 

Tall,Tal2 G L{(j) ^ 71 EE 72 (mod (3.4) 

otherwise 72 ^^^a^^ ■ ''■a7i €E S^^^^-^ \ contradicting (c). 

In particular, for any automorphism tt of G stabilizing our primitive element x, 
we have by (3.4) that 

7'' = 7 (mod I^). 

where 7^^ = 1:^1:^^. 

Fix a basis A:" of G containing x. By Proposition II .21 and by l|3.ip 

j{t) = tv{t;ui,...,Uk) {t <E X) 

where u = ui, . . . ,Uk are some (fixed) members of X, v{*; *i, . . . , *k) is a term/word 
of the language of group theory such 

ztv{zt; u) — zv{z; u) ■ tv(t] u) 

for all z,t G X and 

v{t;u) e R 

for all t e X. 

1) Suppose first that x does not belong to the tuple u. Consider then an automor- 
phism TT of G acting on <Y as a permutation which fixes x and takes u to a tuple ttm 
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having no common element with u: ttuC] u — 0. By p.4p . there is an s £ i? such 
that = Tsj. This implies that 

for all z € X. Since X is infinite, there is a t G A" such that the letter t does not 
appear in the word s, nor t € it, nor t G ttu. We then apply an endomorphism of G 
taking all elements ttu to 1 and fixing all other elements of X to the both parts of 
the equation 

tv{t; ttu) = sts~^v{t; if), 

thereby getting that 

t — sotso^^v{t; u), 

or 

SQ~^tsQ = tv{t; u). 

It follows that 

So~^zso = zv(z; u). 

for every z e A", and then 7 is an inner automorphism determined by an element 
Sq^^ e i?, a contradiction. 

2) Suppose now that x is a member of u and u = x,U2, . ■ ■ ,Uk- Write uq for the 
tuple U2, . . . , Ufc. As above, we consider an automorphism tt of G acting on <Y as a 
permutation, fixing x and such that tuples uq and ttuq are disjoint. Then 

zv{z]x,TTUo) — szs^^v{z; X,Uo) 

for all z ^ X. Working with the endomorphism of G taking all elements ttuq to 1 
and fixing pointwise X \ {vruo}, we see that 

tw{t; x) — sotso~^v{t; x, uq), 

or 

so~^tsow{t;x) = tv{t]x,UQ), (3.5) 

where *i) is a fixed group word/term of the language of groups, for alH G A" 
(at first for t ^ X that are not members of uq, ttuq, and the set of letters of X 
forming s, then for all t G X.) 
The equation (3.5) means that 

7 = Ts-l5 

where 

6t^tw{t;x) (teX). 

Clearly, S is in S^j^y is not an inner automorphism of G, and the element t^S is a 
member of L{(j). 

Our goal is to show that 8 is the identity automorphism; this will imply, as in 1) 
above, that 7 is an inner automorphism, which is impossible. 

Claim 1. For every t ^ X and for every natural number k 

w{t]x^) = w{t]x)^. 

Let y be a member of X which is not equal to x. We start with some two elements 
of L{a) of the form TyT] where r] G S^j^-^ to gain more information about w{*; *i). 
First, we see that TyS'" belongs to L{a) where tt G Aut(G) interchanges x and y, 
while fixing all other elements of X. Second, let p be the automorphism of G which 
takes X to xy and fixes X \ {x} pointwise. Then 

{tJ)Pt^~H-^ = T,yr-i^-i5P5-^ G L(a), 
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where Sp{x) — xr and r G R. As for a suitable element c of G' we have that 
cxyr~^x~^ = y, it follows that TyS^S^^ is also in L{a). Hence by p.4p . there exists 
an s G i? with 

Comparing the images of a < G <Y \ {x} under the automorphisms participating in 
the both parts of the last equation, one obtains that 

tw{t; xy)w{t; x)~^ — sts~^w{t;y). (3.6) 

In particular, 

yw{y;xy)w{y;xy^ = sys^^- 

for t — y. 

Let k> 1. Consider the endomorphism e of G taking y to x^ and fixing X \ {y} 
pointwise. Then 

x^w{x'']x^^'^)w{x'';x)~'^ = e{s)x^ e{s)~'' , 

whence x*^ — e{s)x'^ £{s)^^ . Clearly, x'^ ^ R, since F/R is torsion-free and e(s) G R. 
Hence e(s) = 1. We then apply e to the both parts of (3.6), assuming that t is an 
arbitrary element oi X\{x}: 

tw{t;x''+^)w{t;xy^ ^tw{t-x^). 

By the induction hypothesis w{t;x^) — w{t\x)^ and the result follows. 

Claim 2. For every t € X the element w{t;x) is in 73(G), the third term of the 
lower central series of G. 

As we observed above, 5 fixes R pointwise, and adding to that the fact that 5 
has small conjugacy class, we get that 

6{r) — rwir] x) — r, 

for all r G R, whence w{r]x) = 1. Also w{\,x) = 1 and then we can write w{t]x) 
where t G A" as a product of conjugates of powers of t: 

n 

w{t;x) =Y[x''H''^x-^'. 

i=l 

Since w{t,x) e R ^ G' , the sum of exponents Si is zero. Substitute an arbitrary 
r G i? for t in the last equality and take the standard derivative, keeping in mind 
that w(r; x) — 1: 

n / \ 

= d{w{r; x)) = J2 s^x'''^{r) = ^ d{r). 

i=l \i=l ) 

Therefore 

n 

1=1 

Suppose that there are exactly I pairwise distinct exponents ki participating in (3.7), 
say, TOi, . . . ,mi. Due to linear independence of powers ofx over Z, there must be a 
partition of {1,2,..., n} into I pairwise disjoint sets 

{l,2,...,n} = AiU...U^/ 

such that for a particular j, for every ii, 12 G Aj, integers Si^, Si^ are coefficients of 
x™^ in (3.7) and 

E «^ = 0- 
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Observe that in a nilpotent group H of class two all conjugates of a given element 
of H are commuting. Then we have for every t E X: 

n I 

w{t;x) = Ylx^H'^x-''' = n n (mod 73(G)) 

i=l j = l i£Aj 

I I 

= Ylix'-'^H^^^^^ = n(^"'^°^"™') = 1 (mod 73(G)). 

i=i i=i 

Claim 3. For every k ^ 3 and for every t ^ X \ {x} 

w{t;x) = I (mod 7fe(G)). 

Hence w(t; x) = 1 and S is the identity automorphism. 

Claim [2] takes care of the induction base. Assume that w{t]x) £ jf.{G), that is, 

w{t;xr ^wit;x"')€jkiG) (3.8) 

for some natural number to > 1 (the equality is justified by Claim [J). 

Observe that the subgroup 7fc(G) is invariant under all endomorphisms of G. As 
S has small conjugacy class, 5{z) = zw{z;x) for every z G G by Proposition 11.21 
Hence for every t £ X and for every (7 G Z 

5{ti) = {tw{t;x)Y ^fwif'^x) 

Let £ be an endomorphism of G taking x to x™' where I G Z and stabilizing every 
element of A:" \ {a;}. After application of e to the last equality, we see that 

t'iw{t\x'"'^) = {tw{t;x'^^)Y. 

Since elements of 7fe(G) commute modulo 7^+1 (G) with all elements of G and since 
wit-x""^) = wit-x-^y e 7fe(G) by ClaimlH 

i«w(t«,x"') = {tw{t-x'^^)Y = t'i'wit-.x'^^Y (mod 7fc+i(G)). 

Then, again by Claim [1] 

wit^x"^') = w{t-xY^' (mod 7fc+i(G)). (3.9) 

Due to invariance of jkiG) under endomorphisms of G, we obtain from l|3.8p 
that w{t™; x™) e 7fe(G). Therefore w{t"^; x™) can be written as a product of basis 
commutators of weight k modulo 7^+1 (G): 

u;(t";x™) = Y[h{t,x) (mod 7fc+i(G)). 

i 

Consider an endomorphism of G taking both x and t to their squares and apply it 
to the last congruence: 

w{t^^;x^^) EE l[b,{t^,x^) (mod 7fe+i(G)). (3.10) 

i 

It is easy to see that bi{t'^,x^) = hi{t,xY^ (mod 7fc+i(G)); for instance, 
[t^a;^^^] = ee [t,x,t'^f = [t,x,tf (mod 74(G)). 

This implies that the element in the right-hand side of (3.10) is congruent to 
u;(t";x'")2\ and, further, to w(t,x)™'2'= by JSJ]). By the same equation ([3^ . 
the element in the left-hand side of (3.10) is congruent to w{t;x)^"^ . Therefore 

u;(<;x)4"' =u;(i;x)2'™' (mod 7fe+i(G)), 

or 

u;(i;a;)(2'"-4)™^ = 1 (mod 7fc+i(G)). 
As fc ^ 3, 2'"' > 4, and we are done. □ 
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Theorem 3.3. Let F he an infinitely generated free group, R a fully invariant 
subgroup of F which is contained in the commutator subgroup of F. Suppose that 
the quotient group F/R is residually torsion-free nilpotent. Then the automorphism 
group Aut(F/i?') of the group F/R' is complete. 

Proof. By Burnside's theorem and by Proposition 13.21 □ 
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